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Abstract

Oscillations in two-dimensional laminar jets have been studied numerically over a wide range of Reynolds and

Grashof numbers. A finite volume approach based on primitive variables has been adopted. The numerical scheme is

first validated using available experimental data for both the mean flow and the oscillatory behavior of isothermal jets,

and then it is used to simulate results of the present study. The results indicate a strong spatial dependence of amplitude

and existence of a broad band of frequencies, particularly in non-isothermal jets. High frequency oscillations are ob-

served for forced convection dominated situations, while low frequency oscillations occur when buoyancy effects are

predominant. With increasing buoyancy effect, the amplitudes are significantly modified and the oscillations become

non-periodic even at low Reynolds number. The jet orientation is also found to influence the spectral distribution of

oscillations. The predicted results can be significant in practical applications to devices in which mixing of non-iso-

thermal jets occurs.

� 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Jet flows are encountered in a variety of industrial

applications and physical situations. Aerospace vehi-

cles employ jets for the generation of thrust and for

other purposes such as thrust vectoring, noise control

etc. In combustion appliances, fuel and oxidizer are be

mixed in the form of jets for achieving efficient com-

bustion. Jets are also employed in various manu-

facturing and metallurgical processes, impingement

cooling of electronic devices and in fluidic devices such

as ejectors. In many of these applications, the flow

field may be non-isothermal and may experience both

forced and free convective effects. Also, oscillations

could occur in the velocity and temperature fields due

to convective instabilities arising in the jet shear layers.

As a consequence, in systems such as nuclear reactor
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core, cyclically varying thermal stresses are often ob-

served in regions where jets of different temperatures

mix. Thus, the flow and temperature oscillations may

eventually lead to structural failure, known as thermal

striping [1].

Experimental studies on the oscillatory flow behavior

of free and confined two-dimensional jets have been

carried out by several authors [2–5]. Theoretical analyses

of axi-symmetric flow development in free jets have been

performed by Batchelor and Gill [6] and Cohen and

Wygnanski [7]. Recently, Sarma et al. [8] presented a

numerical simulation of laminar confined jet flows. They

delineated the ranges of Reynolds number and aspect

ratio values for which the confined jet may spread

asymmetrically as an attached wall jet or as temporally

oscillating flow. Instabilities associated with non-circu-

lar jets have been described by several authors [9–13]. A

few studies are also available on the spreading features

of non-isothermal jets [14,15]. A majority of the works

described above deal with experimental measurements

and available detailed theoretical studies on jet spread-

ing characteristics are very few. Also, the effect of
ed.
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Nomenclature

cp specific heat capacity [J kg�1 K�1]

dj jet width [m]

f frequency [Hz]

g acceleration due to gravity [m s�2]

Gr Grashof number ½gbðTj � T0Þd3
j =m

2�
k thermal conductivity [wm�1 K]

nx, ny components of surface normal

p pressure [Nm�2]

Re Reynolds number ½ujdj=m�
Ri Richardson number ½Gr=Re2�
S Strouhal number ½fdj=uj�
t time [s]

t� non-dimensional time ½tuj=dj�
Tj jet inlet temperature [K]

T temperature [K]

u, v velocity components [m s�1]

uj jet inlet velocity [m s�1]

u=uj non-dimensional x velocity

x; y space co-ordinates [m]

yj jet height [m]

y0:5 local jet half width [m]

Greek symbols

b thermal expansion coefficient [K�1]

m kinematic viscosity [m2 s�1]

h non-dimensional temperature ½T � T0�/
½Tj � T0�

q density of air [kgm�3]

r stress [Nm�2]

Subscripts

0 ambient

x, y for x or y direction component
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combined forced and free convective flow on the velocity

and temperature oscillations of a non-isothermal jet

have not been studied so far. In the present study, a

numerical simulation of non-isothermal oscillations of

laminar, incompressible planar jets are considered. The

effects of both forced and natural convective phenomena

are highlighted, for upward, downward and horizontal

jet flow configurations.
2. Numerical model

A planar gas jet issuing from a nozzle with a fully

developed laminar velocity profile into a stationary

medium of infinite extent is considered. The inlet Rey-

nolds number of the jet is of the order of 100. Since the

jet Reynolds number based on local velocity and jet
Fig. 1. Geometry of
width (as seen from the numerical results presented

later) also remains of the order of 100, it is assumed that

the jet is laminar over the whole computational domain.

The jet fluid is taken to be hotter than the ambient

medium (Tj > T0), and both fluids are assumed to be air.

For simulation purposes, the computational domain is

truncated at a distance of about 10 diameters from the

mid-plane in the lateral direction and at a distance

ranging between 100 and 300 jet widths in the axial

direction (Fig. 1). In order to capture the unsteady

oscillations of the jet, symmetry about the mid-plane is

not assumed and a full domain including regions on

either side of the plane is considered. The density vari-

ation in the non-isothermal flow field is modeled

according to the Boussinesq approximation and the

direction of gravity with respect to the flow direction is

prescribed depending on the flow configuration i.e. up-
the problem.



Fig. 2. Staggered grid structure.

Fig. 3. Grid independence study.
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ward, downward or horizontal jet. The governing

equations for the unsteady flow and heat transfer in

integral form for each computational cell (Fig. 2) can be

written as

Continuity equationI
ðv � nÞdl ¼

I
ðunx þ vnyÞdl ¼ 0 ð1Þ

where nx and ny are the directional cosines of the local

normal on the boundary and (u; v) are the velocity

components in x and y directions.

x-momentum equationI I
q0

ou
ot

dxdy þ
I

q0uðunx þ vnyÞdl

¼
I

ðrxxnx þ rxynyÞdlþ
Z Z

qgx dxdy ð2Þ

y-momentum equationZ Z
q0

ov
ot

dxdy þ
I

q0vðunx þ vnyÞdl

¼
I

ðryxnx þ ryynyÞdlþ
Z Z

qgy dxdy ð3Þ

Here, q0 and q are the average and local density values,

and gx, gy are the components of the gravitational

acceleration vector g. Also, the stresses are given by
rxx ¼ �p þ 2l
ou
ox

; ryy ¼ �p þ 2l
ov
oy

and

rxy ¼ ryx ¼ l
ou
oy

�
þ ov
ox

�
:



Fig. 4. Validation of numerical predictions with experimental

data for mean velocity profiles.

Fig. 5. Validation of Strouhal number predictions for isother-

mal jet flow.
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Fig. 6. (a) Axial centerline velocity distribution along the jet

and (b) axial variation of jet half width.
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Heat balance equation

q0cp

Z Z
oT
ot

dxdy
�

þ
I

T ðunx þ vnyÞdl
�

¼ k
I

oT
ox

nx

�
þ oT

oy
ny

�
dl ð4Þ

In the above equations, all fluid properties are as-

sumed to be constant except for density in the body
force term. Density is determined in terms of the local

temperature using the relation

q0 � q ¼ q0bðT � T0Þ ð5Þ

The boundary conditions prescribed for the simula-

tion of jet flow are shown in Fig. 1. At the nozzle exit

(AB), a fully developed laminar (parabolic) velocity

profile is prescribed in the form

u ¼ u0 1

 
� y2

y2j

!
and v ¼ 0; where yj ¼ 0:5dj ð6aÞ

The jet fluid temperature at entry is taken as uniform

and equal to Tj. On the free boundaries (BC, CD, AF

and FE), the total pressure is prescribed as
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Fig. 7. Axial velocity oscillations: (a) ½x=dj ¼ 60�, (b) ½x=dj ¼ 80� and (c) ½x=dj ¼ 90�.
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p þ 1
2
q0ðu2 þ v2Þ ¼ p0 ð6bÞ

where p0 is the ambient pressure, if the flow enters into

the domain. Also, the fluid temperature is prescribed as

the ambient value T0. The other variables are extrapo-

lated from the interior solution. If flow leaves the com-

putational domain at the free boundary, all solution

variables are extrapolated from the interior, with some

smoothening applied between the values at neighbouring

boundary nodes. At the exit boundary (DE), the second

derivative of each variable (/) in the flow direction has

been set as zero. Hence

o2/
ox2

¼ 0 ð6cÞ

where / may be u, v or T . In fact, the prescription of a

convective boundary condition in the form
o/
ot

þ u
o/
ox

¼ 0 ð6dÞ

gives an almost identical solution as that in the case of

boundary condition (6c).

A semi-implicit finite volume scheme based on the

SIMPLE technique [16] has been employed to solve

the above system of equations. As the details of the

numerical scheme have been described elaborately else-

where [17], only the salient features of the method are

summarized here for the sake of brevity. In the integral

form of governing equations, the convective and diffu-

sion terms are approximated at cell boundaries, while

the source and storage terms are evaluated through a

lumped approximation at the cell centre. The momen-

tum equations are solved by time marching, treating the

pressure alone implicitly and the other terms explicitly.

The pressure is updated via the continuity equation, by



0 10 20 30 40 50 60 70 80 90 100

Frequency [Hz]

0.00000

0.00001

0.00002

0.00003

0.00004

0.00005

0.00006

0.00007

0.00008

0.00009

0.00010

N
on

-d
im

en
si

on
al

 A
m

pl
itu

de

Re=40, x/dj =60, y/y0.5=1

0 10 20 30 40 50 60 70 80 90 100
Frequency [Hz]

0.000

0.002

0.004

0.006

0.008

0.010

0.012

0.014

0.016

N
on

-d
im

en
si

on
al

 A
m

pl
itu

de

Re=40, x/dj=90, y/y0.5=1

(a)

(b)

Fig. 8. FFT analysis of axial velocity oscillations.
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applying a Poisson type pressure correction equation

using the continuity equation residue over each cell.

After solving for the flow variables of velocity compo-

nents and pressure, the temperature field is updated

using the heat balance equation (4). The time marching

procedure is continued until the steady state or a time-

independent oscillatory solution is achieved. The con-

vective terms are handled by QUICK scheme in the flow

direction, while the diffusion terms are approximated by

central difference over a nine point molecule. Although

the numerical scheme provides spatially second order

and temporally first order accurate solution, the flow

and thermal oscillations have been captured well by

using small non-dimensional time steps in the range of

10�4–10�5 for the simulation. In each time step, the

nodal pressure and velocity values are converged to a

tolerance level of 10�6. Since jet oscillations are expected

to originate in the shear layer regions, a non-uniform
mesh with fine spacing close to the nozzle exit in the

axial direction and around the periphery of the jet in

the lateral direction, has been employed. A detailed

parametric study has been carried out by varying the-

non-dimensional parameters of Reynolds number Re
(¼ ujdj=m) and Grashof number Gr (¼ gbðTj � T0Þd3

j =m
2)

independently. The flow and temperature oscillations

have been monitored at different dimensionless axial and

lateral locations. The results predicted by the numerical

simulation are presented in the following sections.
3. Results and discussion

3.1. Grid independence study and validation

In order to assess the grid independence of numerical

results, a grid sensitivity study has been undertaken

using the grids of 151 · 81, 201· 101 and 151 · 121 nodes
for the isothermal flow at Re ¼ 42. For the different

grids considered, the first and second indices correspond

to the number of points in the axial and transverse

directions respectively. As seen from Fig. 3, the variation

in the mean velocity profile with grid refinement is minor

and hence, a standard grid of 201· 101 nodes has been

used in all subsequent simulations. In few cases where

larger domain length in the axial direction was required,

even larger number of grid points than the standard case

have been employed.

The predicted dimensionless velocity profiles at dif-

ferent axial locations have been compared for a jet

Reynolds number of 42 with the experimental results of

Sato and Sakao [3] in Fig. 4. A slit with aspect ratio of

50 was employed in the experiment, while theoretically

the flow simulation has been treated as two-dimensional.

The predicted mean velocity distributions at different

stations (x=dj ¼ 5, 25, and 50) are compared with the

corresponding experimental data. The agreement be-

tween the experimental and numerical results is excel-

lent, at all the axial locations considered.

The u velocity variations with respect to time have

been analyzed for different Reynolds numbers to eval-

uate the frequency of flow oscillations. The Strouhal

number (S) has been calculated for different slit Rey-

nolds numbers using the definition

S ¼ fdj
uj

where f ¼ frequency of oscillations, dj ¼ jet width and

uj ¼ slit centerline velocity. The predicted Strouhal

number values are compared with the experimental re-

sults of Sato and Sakao [3] in Fig. 5. In the experimental

data, some scatter was observed in the measured fre-

quency values depending on the location where mea-
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Fig. 9. Axial velocity oscillations: (a) ½x=dj ¼ 175�, (b) ½x=dj ¼ 200� and (c) ½x=dj ¼ 225�.
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surements were made. It is evident that the predicted

data for x=dj ¼ 90 and y=dj ¼ 5 lie in the range of

measured Strouhal number values.

3.2. Flow oscillations in isothermal jet

The characteristics of velocity oscillations were first

simulated for isothermal jets at different Reynolds

numbers. The Reynolds number variation has been

achieved by varying the average velocity at nozzle exit in

the range of 2.98–7.45 m/s, with the jet width kept

constant at 0.2 mm for air flow.

The mean axial velocity distribution along the cen-

terline of a free jet at the Reynolds number of 40 is

shown in Fig. 6(a). The centerline velocity decreases in

inverse proportion to x1=2, in accordance with the fully

developed similarity profile for a plane jet [18]. The half
width y0:5 of the jet (the location where the axial velocity

becomes the 50% of the centerline value) has been

plotted as a function of dimensionless axial distance for

Re ¼ 40 and 100, in Fig. 6(b). After a rapid growth near

the nozzle exit, the jet half-width variation becomes

approximately linear for large axial distances. As men-

tioned earlier, the increase in jet width and decrease in

centerline velocity are such that Reynolds number is the

order of 100 everywhere.

Velocity fluctuations for the Reynolds number of 40

are shown in Fig. 7(a)–(c) at different spatial locations.

The y location has been selected such that it falls in the

middle of the shear layer where flow oscillations are

predominant; in fact, the scaled distance y=y0:5 has been
kept same (equal to 1.0) at different axial locations. It is

observed from the figures that the amplitude of velocity

oscillations increases with axial distance, while the mean
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Fig. 10. FFT analysis of axial velocity oscillations:

(a) ½x=dj ¼ 175� and (b) ½x=dj ¼ 225�.
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velocity value is more or less same. The trends indicate

that the oscillations caused by convective instabilities in

the shear layer amplify in the x direction, for the range of
axial distances considered here.

Fast Fourier transform of the axial velocity oscilla-

tions for the above case has been carried out and the

corresponding frequency spectra are shown in the Fig.

8(a) and (b). The FFT shows that the dominant fre-

quency is 37.5 Hz for the case considered; however,

higher harmonics are also present implying that the flow

oscillations are not strictly sinusoidal, although they are

periodic. The amplitude for each frequency component

increases with axial distance, as evident from a close

examination of Fig. 8(a) and (b).

Velocity oscillations have also been plotted for the

Reynolds number of 100, at different locations (Fig.

9(a)–(c)). The corresponding FFT’s are shown in Fig.
10(a) and (b). It is seen from these figures that the flow

oscillations become non-periodic and correspond to

higher frequencies (dominant frequency around 55 Hz)

at Re ¼ 100. The axial locations where oscillations

commence are shifted away from the nozzle exit,

implying that the shear layer growth is slower at a higher

Reynolds number value. The same trend is evident in

Fig. 6(b) also. An increase in amplitude of oscillations

with axial distance is observed for Re ¼ 100, similar to

the case of Re ¼ 40.

3.3. Flow and thermal oscillations in non-isothermal jets

3.3.1. General features

In order to estimate the relative magnitudes of

forced and natural convective effects, simulations have

been carried out for different Reynolds and Grashof

number combinations for non-isothermal horizontal

jets. In other words, the Richardson number (Ri ¼ Gr=
Re2) has been varied in the range of 0.01–2.82 for these

simulations (by varying the jet fluid temperature in the

range of 300–360 K and the jet width in the range 0.2–

8 mm), and the flow as well as thermal oscillations are

analyzed.

For the forced convection dominated case of Re ¼ 40

and Gr ¼ 564, the dimensionless temperature oscilla-

tions are shown in Fig. 11(a)–(c). The velocity oscil-

lations were somewhat similar to the isothermal case

and hence they have not been shown here. It is evident

that oscillations are periodic with the dominant fre-

quency almost coinciding with the isothermal case

discussed earlier (see Figs. 8 and 12). Moreover, in-

crease in the amplitude of oscillations with axial dis-

tance is observed in the temperature fluctuations also.

It is interesting to note that the inception of thermal

oscillations has not occurred for Re ¼ 40 at x=dj ¼ 60

in the mixed convection case (Fig. 11(a)), while velocity

oscillations are indeed observed for the similar forced

convection case in Fig. 7(a); this minor difference can

be attributed to the fact that thermal diffusivity is

larger than momentum diffusivity (i.e. Pr < 1) for air.

In fact, the oscillations are caused by convection

instabilities in the jet shear layer. A larger diffusivity

value provides greater damping and hence thermal

oscillations are damped more than velocity oscillations

for Pr < 1.

Fig. 13 shows the variation in the dominant fre-

quency of oscillations for velocity as well as tempera-

ture with Reynolds number. Although the initial

variation of frequency with Reynolds number is non-

linear, for Re > 100, a linear trend is observed. This

implies that for a fixed jet width, both the frequency

and Reynolds number vary linearly with the jet inlet

velocity. Fig. 14(a) shows the spatial dependence of

frequency in both x and y directions. While no changes

are observed in the lateral (y) direction, higher
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Fig. 11. Temperature oscillations in a buoyant horizontal jet: (a) ½x=dj ¼ 60�, (b) ½x=dj ¼ 80� and (c) ½x=dj ¼ 90�.
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harmonics are seen at shorter axial distances. The

variation in spectral distribution in the x-direction
agrees with the well known trend that higher frequency

components penetrate less than lower frequency com-

ponents. Fig. 14(b) depicts the spatial variation in the

amplitude of fluctuations. The peak value of amplitude

occurs in the mid-portion of the shear layer in the y
direction. In the axial direction, amplitude increases

with distance initially but it later decreases after

attaining a peak value (Fig. 15(a) and (b)). It is clear

that the convective instability grows with distance from

the nozzle as the shear layer develops, but it eventually

decays due to entrainment and mixing of the jet fluid

with the ambient fluid. For air having Prandtl number

equal to 0.71, thermal fluctuations have slightly larger

amplitudes than velocity fluctuations, although they

originate at a larger axial distance.
The temperature fluctuations for a natural convec-

tion dominated situation are shown in Fig. 16(a) and

(b). The remarkable feature here is that the oscillations

correspond to low frequency fluctuations in the range of

around 0.1 Hz. Also, the oscillations are not perfectly

periodic and they contain spectral components over a

range of frequencies. Such observations are in confor-

mity with thermal striping phenomena reported in lit-

erature [1]. In Figs. 17 and 18, the spatial variations in

the amplitudes of flow and thermal oscillations are de-

picted for a buoyancy dominated, horizontal jet con-

figuration. It is to be kept in mind that although the jet

starts as a symmetric forced convective flow, the buoy-

ancy effects give rise to asymmetric flow development at

larger x=dj values (Fig. 19). These changes in flow

structure influence the growth of fluctuation amplitude

also. It is interesting to note that the flow and thermal
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oscillations are out of phase spatially (Figs. 17 and 18),

in this situation.

3.3.2. Orientation effects

The effects of jet orientation on fluctuations have

been highlighted by considering three configurations,

namely, horizontal jet, vertical upward jet and vertical

downward jet. The FFT spectra for the velocity and

temperature fluctuations at fixed values of Re, Gr, x=dj
and y=dj are compared in Figs. 20 and 21, for different

orientations of the jets. It is evident that the oscillations

correspond to a band of frequencies. The spectrum is
somewhat affected by the jet orientation, although the

range of frequencies is more or less the same. The reason

for these changes is seen in the Tables 1 and 2. It is

evident that the jet development is different for different

orientations. Hence, the difference in the variation of

Strouhal number (based on dominant frequency) with

axial distance differs for different jet orientations. In

both Figs. 20 and 21, it is seen that the maximum

amplitude occurs for the vertically upward jet; this can

be easily explained by the fact that both forced

and natural convective flow effects aid each other in this

case.
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Fig. 15. (a) Variation in amplitude of velocity oscillations in

axial direction ½Re ¼ 40� and (b) variation in amplitude of

oscillations in axial direction ½Re ¼ 80�.
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Fig. 16. (a) Variation in temperature oscillations ½Ri ¼ 1:19�
and (b) FFT for temperature oscillations ½Ri ¼ 1:19�.
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4. Conclusions

The flow and thermal oscillations arising due to

convective instability in a laminar two-dimensional jet

have been analyzed in forced as well as mixed con-

vection regimes, for different jet orientations. For iso-

thermal jets, the frequency of velocity oscillations

increases with Reynolds number and the axial location

for the onset of oscillations also increases. At low

Reynolds numbers, periodic oscillations are observed

and at high Reynolds numbers, the oscillations contain

a range of frequencies. In general, the spectra contain

high and low frequency components in the near field,

and only low frequency components in the far field.

The amplitude of oscillations increases with axial dis-
tance initially, attains a peak value and then decays

with distance. In the transverse direction, peak ampli-

tude value occurs somewhere in the middle of the shear

layer. When natural convective effects become pre-

dominant, the oscillations contain a broad band of

very low frequency components and oscillations are not

periodic even at low Reynolds numbers. The jet ori-

entation does influence the flow development in the

mixed convective regime. Also the spatial growth of

thermal and velocity oscillations depends on whether

the jet is vertically up, vertically down or horizontal,

although the frequency range for the oscillations is

more or less the same. The numerical predictions of the

present study are in reasonable quantitative as well as

qualitative agreement with available experimental data

on related problems.



Fig. 19. Instantaneous streamlines for Ri ¼ 1:89.
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Fig. 18. Variations in amplitude of velocity/temperature oscil-

lations in transverse direction.
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Fig. 20. FFT analysis of velocity oscillations for different ori-

entation of jets.
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Fig. 21. FFT analysis of temperature oscillations for different

orientation of jets.
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Fig. 17. Axial variations in amplitude of velocity/temperature

oscillations for horizontal jet.
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Table 1

Variation of Strouhal number with dimensionless x distance

½x=dj� for low Richardson number ½Ri ¼ 0:3523�
x=dj Strouhal number ½S�

Horizontal

jet

Vertical upward

jet

Vertical downward

jet

90 0.00353 0.00244 0.00352

100 0.002325 0.002325 0.002234

110 0.002325 0.002325 0.002325

120 0.00229 0.00229 0.00227

Table 2

Variation of Strouhal number with dimensionless x distance

½x=dj� for high Richardson number ½Ri ¼ 2:82�
x=dj Strouhal number ½S�

Horizontal

jet

Vertical upward

jet

Vertical downward

jet

90 0.003860 0.0024890 0.002290

100 0.002789 0.0025032 0.002682

110 0.002682 0.0039378 0.002500

120 0.002040 0.0026820 0.001909
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